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Abstract

Given commutative rings 4 C B, we present a necessary and sufficient condition for the power
series ring A[[X]] to be n-root closed in B[[X]]. This result leads to a criterion for the the power
series ring A[[X]] over an integral domain A to be n-root closed (in its quotient field). For a
domain A, we prove: if 4 is Mori (for example, Noetherian), then A[[X]] is n-root closed iff 4
is n-root closed; if 4 is Priifer, then A[[X]] is root closed iff 4 is completely integrally closed.

1991 Math. Subj. Class.: Primary 13F25; secondary 13F05, 13G05

0. Introduction

All rings considered below are commutative with identity and all ring homomor-
phisms preserve the identity. Henceforth, let A C B be rings (with the same identity).
As usual, if n > 1 is an integer we say that A is n-root closed in B if " € A with
b € B implies b € A. Also, A is said to be root closed in B if A is n-root closed in B
for all n > 1. Throughout this paper, we will formulate definitions for pairs of rings
ACB as above. If 4 is an integral domain, and no ring B is mentioned, we intend B
to be the quotient field of 4. For example, a domain is said to be root closed if it is
root closed in its quotient field.

The main purpose of this paper is to characterize the property of n-root closure in
power series rings in the above context of pairs of rings, in order to provide a unified
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approach to results in the literature on power series rings over integral domains and
von Neumann regular rings and in order to obtain new results on this subject.

Much of the literature on n-root closure has focused on connections with seminor-
mality (cf. [1-3, 5, 6, 10]); the emphasis on von Neumann regularity in [25] is a
notable exception (see also Theorem 1.27 below). As in [9], the ring A4 is said to be
seminormal in Bifbe B, b*c A, b ed implies b € A4; equivalently, if b € B, bed
for all sufficiently large i/ implies b € 4. If A is n-root closed in B for some n > 2,
then A4 is seminormal in B, but the converse is false.

We denote by X a nonempty set of indeterminates, and define the ring A[[X]] as
the union of all rings A[[Y]], where Y is a finite subset of X [15, (1.1)].

It is known that A[X] is n-root closed (resp., seminormal) in B[X] if and only if 4
is n-root closed (resp., seminormal) in B [10]. Moreover, for an integral domain 4 with
quotient field K, the domain 4[X] is n-root closed (resp., seminormal) if and only if 4
is n-root closed (resp., seminormal) since K[X] is integrally closed in its quotient field
K(X). However, the analogous “n-root closed” assertion for rings of formal power
series does not hold. Indeed, an example of Ohm [20, Example 2.1] shows that A4
integrally closed and Archimedean does not imply that A[[X]] is root closed. Recall
that a domain 4 is Archimedean if (-, @A = (0) for any noninvertible element a € 4
[24]. Examples of Archimedean domains include Noetherian domains, one-dimensional
domains, and completely integrally closed domains.

Observe that Z[[X]] is completely integrally closed, and hence root closed. However,
Z[[X]] is not n-root closed in Q[[X]] for any n > 2, even though Z is n-root closed
in @ for all n [25, Example 1] (cf. Proposition 1.28). On the positive side, A[[X]]
is seminormal in B[[X]] if and only if 4 is seminormal in B; if 4 is a domain, then
A[[X]] is seminormal iff 4 is seminormal [11].

Recall from [1] that €(4,B) is the set of all integers n > 2 for which 4 is n-root
closed in B (actually, » > 1 in [1]). Thus %(4, B) is a subsemigroup of the multiplica-
tive semigroup of positive integers and it is generated by primes, since A is mn-root
closed in B iff A is both m- and n-root closed in B. If 4 is a domain with quotient
field K, by our convention, we define €(4) to be ¥(4,K). Recall from [1] that if P
is any set of primes, then there is a domain A such that ¥(4) is generated by P.

We characterize in Section 1 the property

A[[X]] is n-root closed in B[[X]]
and also the property
E(ALX]]BIX]D = €(4,B).

Since €(A[[X]], B[[X]]) € 4(4,B) in general, the latter property means that 4[[X]] is
n-root closed in B[[X]] for each n such that 4 is n-root closed in B.

To show that if the rings 4 C B satisfy our characterization, then A[[X]] is n-root
closed in B[[X]], we use Seidenberg’s proof of the fact that for a domain 4, if A[[X]]
is n-root closed and »n is invertible in 4, then A4 is Archimedean {23, Theorem, p. 171]
(see also [20, footnote 2, p. 321] and Proposition 2.11). For the converse direction in
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the characterization, we need some preliminary results on seminormality (Lemma 1.1).
These results are also used in Section 3 to obtain a characterization of the complete
integral closure of A[[X]] for a seminormal domain 4 (Theorem 3.3).

Recall that the complete integral closure of a domain 4 (in its quotient field K) is

A*={reK| at' € K for some nonzero a € 4 and all i > 1}.

In Section 2, we deal with root closure properties of power series domains, If 4 is a
domain, then A[[X]] is n-root closed (in its quotient field) iff A[[X]] is n-root closed
in 4*[[X]] (Proposition 2.3(2)); this fact enables us to apply to domains the results
of Section 1. We prove that if 4 is Mori (for example, Noetherian) and n-root closed,
then A[[X]] is also n-root closed (Theorem 2.13). Recall that a domain is Mori if it
satisfies the ascending chain condition on integral divisorial ideals [21]. As we show
in Corollary 2.8, the Mori assumption can be replaced in the above result by the
assumption that 4 is a power series ring over a domain. Also, if 4 is a Priifer domain
and n is invertible in A4, then A[[X]] is r-root closed if and only if 4 is completely
integrally closed (Theorem 2.16).

In the above-mentioned result on Priifer domains and in other results, we do not
have to assume that » is invertible in 4, but rather that the set €¥(A[[X]]) generates
the ideal A[[X]].

Thus, given rings 4 C B, we will use the following property:

The set (4, B)generates the ideal A. (1)

This means that either 4 is m-root closed in B for some m > 2 invertible in 4, or
that 4 is p-root closed in B for two distinct primes p. Note that if 4 is a domain of
finite characteristic and B is a ring containing A4, then this property is satisfied iff 4 is
p-root closed in B for a prime p # char 4.

Property (1) is useful since property 2,(4,B), defined in Section 1 and used for
characterizing n-root closure of power series rings, is well behaved in terms of ideals.
That is, given 4 C B, the set S = {n|2,(4,B) is satisfied} is the set of all positive
integers in the ideal generated by S in A (Proposition 1.4). This is rather surprising
since n-root closure behaves differently.

We show that if 4 is root closed in B and the pair (4[[X]], B[[X]]) satisfies property
(1), then A[[X]] is root closed in B[[X]]; more generally, if the pair (A[[X]], B[[X1]
satisfies property (1), then €(A[[X]], B[[X]]) = (4, B) (Corollary 1.25).

The elements a and b of 4 are called associated (in A) if a = ub for some unit
u € A. The set of all units of A is denoted by #(4).

For any nonempty subset S of B and element ¢ € B, we use the notation

(S:c)p={beB|cb eSS foralli>1}.

If 4 is an integral domain with quotient field K and S CK, then, by definition
(S:c) =(S:c)k. If in addition ¢ # 0 and S C 4, then clearly (S : c) CA4*.
As usual, we let (S:c)p={be B|cbe S}
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1. Root closure in power series over pairs of rings

We begin by recording some useful properties of {4 : c)g.

Lemma 1.1. Let A C B be rings such that A is seminormal in B, and let c,ci,¢; € A
Then
(i) (A4:c™p=(A:c)p for any m > 1.
(i) If /Ac, = \/Acy, then {4 :c))p = {A: c)).
(111) <<A . C1>B : C2>B = <A . C1C2>B.
(iv) ((d:clp:clp=(4:¢c)p
(v} (4 :c)p is an A-subalgebra of B.

Proof.

(i) Clearly (4 : c)p C(4 : ¢™)p. Conversely, let b € (4 : ¢™)p. Let k > 1 be
minimal with respect to the property that cbiedforalli>1. Ifk > 1, then
(B Y = F=2(c*b¥) € 4 and (F71B )} = P T3(ckb¥) € 4 for all i. Since
A is seminormal in B, we obtain ¢*~1b' € 4 for all i, a contradiction.

(ii) By hypothesis, there is a positive integer m such that ¢’ € Ac;. Hence (4 :
c2)p C{d : ey = {4 : ¢1)p by part (i). Similarly, (4 :¢c1)p {4 : c2)5.

(iii) Let b€ B. We have b€ ({A:¢|)g: ca)p iff cob' € (4 :¢y)p for all i > 1, that
is, ci(c;b’) € A forall i > 1 and j > 1. Thus {4 : c1c2)p C{{A : c1)p @ c2)5.
On the other hand, by taking j = 1, we obtain the reverse inclusion.

(iv) This follows by taking ¢; = ¢; = ¢ in part (iii) and then applying part (i).

(v) If b,b' € {4 : c)p, then b+ b/, bt € (4:c*)p = (4 :c)p by part (i). U

Remark 1.2. If 4 C B are rings such that 4 is seminormal in B and ¢ € 4, then (4 : ¢)p
is the largest subring of (4 : ¢)p, and {4 : c¢)5 is seminormal in B.

Let 4 C B be rings and let n > 1. We define the following property, which will be
used to characterize n-root closure in power series rings:

P4,B) If b e B,ac A and nab € A,then nab® € A.

We first deal with property 2,(4,B) in order to apply this later to root closure.

Remark 1.3. (1) Property #,(4,B) means that if b € B, if ¢ € An and ¢b € A4, then
ch® € A. In particular, if m and n are positive integers such that m | n in A4, then
property Z,(A,B) implies property Z,(4,B).

(2) Let ACBCC be rings and n > 1. Then property #,(4,(C) implies property
P(A,B).

(3) It is easy to show that #,(4,B) is a local property: property #,(4,8) holds iff
property 2,(As,Bs) holds for every multiplicative subset S of 4 (alternatively, property
Po(Am,B ) holds for every maximal ideal M of 4).
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Note that n-root closure is also a local property, but contrast Remark 1.3(3) with
Remark 2.1.

Proposition 1.4. Ler A C B be rings and
S :={n > 1|property #,(4,B) is satisfied}.

Then S = {n > 1|in-1€(S5)A4}, the set of positive integers in the ideal generated by
S in A

Proof. Let / be the ideal generated by S in 4. Let d be a positive integer in /.
Thus we can write d = > ,_, ma;, where n; are positive integers such that property
Pn(A4,B) is satisfied and a; € A4 for each i. Let d' be a positive integer satisfying
Any + -+ An, = Ad’. Thus d' = )_, n;a} for some elements 4/ in 4. Assume that
b€ B,ac Aand dab € A. For each i, we have mab € A. Thus each nab> € 4 by
property 2, (4,B), and hence d’ab’ = 3;_, aj(nab®) € A. Thus property 2y:(4,B) is
satisfied, and hence so is property P;(4,B) by Remark 1.3(1). O

In connection with Proposition 1.4, note that if 4 is a ring and S is a set of positive
integers, then a positive integer d generates the ideal (S) of 4 if and only if 4 is
associated in 4 to the greatest common divisor g in Z of the integers in S. If d and
g are not zero divisors in A, this means that both d/g and g/d are in A.

We shall repeatedly use Proposition 1.4, especially in the form detailed in the next
remark.

Remark 1.5. Let 4 C B be rings. Then:

(i) If m and n are positive integers which are associated in 4, then properties
Pn(A4,B) and 2,(4,B) are equivalent.

(i1) If n is invertible in 4, then property 2,(4, B) is equivalent to property 2;(4, B).

(i1i) Property 2(4,B) implies property £,(4,B) for all n > 1.

(iv) If m and n are relatively prime positive integers, then properties #,,(4,B) and
#,(A,B) hold if and only if property #2,(4,B) holds.

(v) If n =0 in 4, then property 2,{(4,B) holds.

Lemma 1.6. Let ACB be rings and n > 1 such that property ?,(A,B) holds. Let
a € A,b € B such that nab € A. Then n'ab',2’~'nab’ € A for all i > 1.

Proof. We use induction on i starting with i = 1. Let i > 1.

By the inductive assumption, n'~2ab’~? and n(n*~2ab’~2)b = n'~'ab'~! are in A. By
property 2,(4,B), we obtain that n'ab’ = n{n(n'"2ab’~?)b?] € A.

On the other hand, we obtain by the inductive assumption that na(b+2"2b'~1) € 4,
and by property 2,(4, B) therefore na(b+2 26" "' )2 = na(b* +2"" b +(272b 1Y) € 4.
Since nab? and na(2=25'"")? are in 4, we conclude that 2'~'nab' € 4. O



116 D.F. Anderson et al. | Journal of Pure and Applied Algebra 114 (1997) 111-131

Proposition 1.7. Let A CB be rings and n > 1. If either n is odd or A is seminormal
in B, then the following two conditions are equivalent:

(1) Property 2,(4,B) holds.

Q) If ac A,b € B and nab € A, then nab' € A for all i > 1.

Proof. We need only show (1) = (2). If n is odd, this follows from Lemma 1.6.

Now assume that 4 is seminormal in B. Let a € 4, b € B, and nab € A. Set ¢ = na.
Using property 2,(4,B), we obtain by induction on i that cb*> € 4 for all i > 1. Let
m > 1. Choose i > 1 such that 2~! > m. Then (cb™)* = ¥ ™(cb* )" € A and
(eb™)F+! = 2 H1=2m(epYn(ch? Y € A. Since A is seminormal in B, we conclude that
cb"ed. O

Proposition 1.7 does not hold in general for n even (see Example 2.20 below).

Remark 1.8. Condition (2) in Proposition 1.7 can be reformulated as follows:
If a € 4,then (4 : na)s = (4 : na)s. 2"

Moreover, if 4 is seminormal in B, then this condition is also equivalent to the
following:

Ifa€ A, be B and ab € A, then nab’' € A for all i > 1. 2"

For a proof, by Proposition 1.7, we need only show that if 4 is seminormal in B,
then (2”) implies property 2,(4,B). Assume condition (2”). Let @ € 4, b € B, and
nab € A. Since (na)b € A, we obtain by (2) that n(na)b’ € A for all i > 1. Thus
(nab*)? and (nab®)® are in A. Since 4 is seminormal in B, we conclude that nab® € 4,
and hence property 2,(4,B) holds. (Alternatively, since b € (4 : n?a)p, we obtain by
Lemma 1.1 (ii) that b € (4 : na)p, that is, condition (2") holds.)

From Remark 1.8 and Proposition 1.4 we easily obtain:

Remark 1.9. If 4 C B are rings such that 4 is seminormal in B, then the ideal generated
in Z by the set S := {n > 1|property #,(4,B) is satisfied} is a radical ideal.

Proposition 1.10. Let A C B be rings satisfying property P?(A4,B). Then
UA)=UB)NA.
Proof. Let a € %(B) N A. Since a(1/a) € 4, we obtain that 1/a = a(1/a)* € 4. O

Corollary 1.11. Let AC B be rings. If B is a field, then property P (4,B) holds iff
A is a field.

Proposition 1.12. Ler A C B be rings. Assume that A is a domain and that there
exists a ring containing B and the quotient field K of A. For any n > 1, property
P.(A,B) holds iff property P.(4,K N B) holds.
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Proof. If property #,(4,B) holds, then property #,(4,K N B) also holds by Remark
1.3(2). Conversely, assume that property #,(4,K N B) holds. Let a € 4 such that
na # 0, and let b € B such that nab € A. Then b € K N B. Hence nab* € A and
property #,(4,B) holds. O

The proof of the next proposition is straightforward.

Proposition 1.13. Let 4 C B be rings with a common ideal 1. For any positive integer
n, the properties P,(4,B) and #,(A/I,B/I) are equivalent.

We recall that a ring 4 is p-injective iff each principal ideal of 4 is an annihilator of
some subset of 4 (see [17, 18]). Equivalently, this means that (0 : (0 : a)4)4 = Aa for
each a € 4; another equivalent property is the following: if a,c € 4 and (0 : @), C(0 :
¢)4, then ¢ € Aa. (Indeed, if 4 is p-injective and a,c € 4 with (0:a)4 C(0:c)4, then
ce(0:(0:¢)4)4 S(0:(0:a)y)4 = Aa. For the converse, let a € 4 and let ¢ € (0:(0:
a)4)4. Thus (0:a)4 C (0:¢)4 and by assumption, ¢ € Aa. Thus (0:(0:a)4)4 = Aa, and
A is p-injective.) Note that a reduced ring is p-injective iff it is zero dimensional, that
is, von Neumann regular. (The fact that a von Neumann regular ring is p-injective
is immediate. For the converse, let 4 be a reduced p-injective ring and let a € A.
Since A4 is reduced, we have (0:a)s = (0:a*)4, and since 4 is p-injective we obtain
Aa = Aa*. Thus A4 is von Neumann regular. Cf. [18, Proposition 1].) However, a zero-
dimensional ring is not necessarily p-injective (for example, k[X, Y1/(X2, XY, Y?) for k
a field). Moreover, the ring [[~, Z/2'Z is p-injective, being a product of p-injective
rings, but it has infinite Krull dimension [16].

Proposition 1.14. Let A be any ring. Then property 2\(A,B) is satisfied for any ring
extension B of A & A is p-injective.

Proof. (<): Suppose that 4 is p-injective. Let B be a ring extension of 4, a €
A, b€ B and ab = ¢ € A. Then (0 : a),C (0:c)4. By p-injectivity, ¢ € Aa, so,
ab® = cb € Aab C A. Hence property %(4, B) is satisfied.

(=): Let a,c € A4 such that (0 : a),C (0:c)y. We have to show that ¢ € Aa.
Let T be an indeterminate over 4, and set B = A[T]/(aT — c¢). We first show that
A N (aT — c)A[T] = (0). Indeed, let d € 4 N (aT — c)A[T]. For some g(T) =
SorogiT' € A[T], we have d = (aT — c)g. If g # 0, we may assume that m > 0 is
minimal. We have g,a = 0; hence gnc = 0. If m > 1, then d = (aT — ¢) Z:":Bl a.T,
a contradiction. Thus m = 0, and d = (aT — ¢)go = 0. Hence we have a canonical
embedding 4 C B = A[¢], where ¢ is the canonical image of 7. By property (4, B),
we have ct = at® € 4 since at = ¢ € A. By the previous argument, c¢T = e+(aT —¢)go
for some e, gy € A. Thus ¢ = agy € Aa, as claimed. [

Corollary 1.15. Let A be a reduced ring. Then property #1(4, B) is satisfied for every
ring extension B of A < A is von Neumann regular.
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In particular, if 4 is a field, then property #2,(4,B) holds for every ring extension
B of A.

The fact that a von Neumann regular ring 4 satisfies property 2,(4, B) for each ring
extension B of A4 is easily proved directly. Indeed, if 4 1s von Neumann regular and if
B is a ring extension of 4, a € A4, b € B and ab € 4, then ab?> € Aa*b* = A(ab)* C A.
Thus property %,(4,B) is satisfied.

Proposition 1.16. Assume that AC B are rings such that A is seminormal in B and
let n > 1. Then properties #,(4,B) and 2,(A[[X]],B[[X]]) are equivalent.

Proof. If property 2,(A[[X]], B{[X]]) is satisfied, then property #,(4,B) is also satis-
fied, even if 4 is not seminormal in B.

Conversely, assume that property 2,(4, B) is satisfied. By [11], if a ring D is semi-
normal in a ring extension E, then D[[X]] is seminormal in E[[X]]. Also, property
P (A[[X]], B[[X]]) is satisfied iff property 2,(A[[Y]],BI[Y]]) is satisfied for every fi-
nite subset Y of X. Thus it is enough to prove the proposition in case X contains
just one indeterminate X. Let & € A[[X]], f € B[[X]] such that naf € A[[X]]. Write
fX) =32, biX'. By factoring out a power of X, we may assume that ¢ := 4(0) #
0. We then have nb;c’*!' € 4 for all i > 0. By property 2,(4,B) and Proposition
1.7, b; € (4 : nc'*t)p for all i, and by Lemma 1.1, ncA[{b;|i > 0}] CA. We thus
have n(h — h(0))f € A[[X]]. By induction, we obtain that nad[{b;|i > 0}]C A4 for
all coefficients a of . Hence nhf? € A[[X]] for all i. We conclude that property
P (A[[X]],B[[X]]) is satisfied. O

Lemma 1.17. Let n,m,k be integers >2, and let AT B be rings such that A is
seminormal in B. Then the following two properties are equivalent:

(1) Property 2.(A,B) is satisfied.

(2) If b€ B,a € A and n"d"b € A, then nab € A.

Proof. (1) = (2): Let @ € 4 and b € B such that n"a*b € A. By property 2,(4,B)
and Proposition 1.7, n"a*b’ € A4 for all i > 1. For all j > max(m,k), we have
(nab)’ € A. Since 4 is seminormal in B, we conclude that nab € 4, and hence that (2)
holds.

(2) = (1): Let a € A and b € B such that nab € A. Since m,k > 2, also nmak b € A.
By (2), we obtain nab® € A, so property #,(4,B) holds. O

By Lemma 1.17, if 4 is seminormal in B, then property #(4,B) holds iff for
a€ A, be B, a’hc 4 implies ab € A (cf. the definition of property (4, B)).

Theorem 1.18. Let A C B be rings and let n > 2. The following three conditions are
equivalent:

(1) A[[X]] is n-root closed in B[[X]].

(2) A is n-root closed in B and
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e If n has at least two distinct prime factors, then property P 1(A,B) holds.
e If n is a power of a prime p, then property 2 ,(A,B) holds.

(3) A is n-root closed in B and property P,(4,B) holds for each prime factor p
of n.

Proof. Clearly, under each one of the three conditions, A is n-root closed, and hence
seminormal, in B.

We first prove the equivalence (1) < (3). Since a ring D is n-root closed in a ring
extension E iff D is p-root closed in E for each prime factor p of n, we may assume
that » is prime.

(1) = (3): The ring A[[X]] is n-root closed in B[[X]] for each X € X, s0 we may
assume that the set X contains just one indeterminate X.

Now we prove that property 2,(4,B) holds. Let a € 4 and b € B such that n’a"b €

A. Let f(X) = y/a"(1 + n?bX), that is, by definition,

fXy=ay" (%”)M%’X". 3)
=0

By Hermite’s Theorem [12, Chapter IX, p. 266],
(11/,") we7 forali>0.

(Thus, the definition of f € B[[X]] is meaningful even if » = 0 in A. Of course, the
case n = 0 is immediate from Remark 1.5(v).) We have

/" =d"(1 +n*bX) € A[[X]]

(see Remark 1.19 below). Thus f € A[[X]]. Since nab is the coefficient of X in f(X),
we conclude that nab € 4. By Lemma 1.17, property #,(4, B) is satisfied.

(3) = (1): We may again assume that the set X contains just one indeterminate X,
since, by induction and Proposition 1.16, we obtain the implication for finitely many
indeterminates and then the general case easily follows from the finite one.

Let f be an element in B[[X]] such that " € A[[X]]. Write f(X) = > 7 bX".
Since 4 is n-root closed in B, by € A. We prove by induction on i that b; € (4 : nbg)p
for all i > 0. The coefficient of X in f"* = (by + byX + ---)" is nbg_lbl. Since
/1 € A[[X]], we obtain nbg_lbl € 4. By property #,(4,B) and condition (2’) in
Remark 1.8, b; € <A2nb8_1>3. By Lemma 1.1 (ii), by € (4 :nby)p. For i > 1, we
consider the coefficient of X’ in f” and use the inductive assumption to obtain that
b; € <A : nb0>3.

Since n is prime, the binomial coefficients (7) for 1 < i < n are divisible by » in
Z. 1t follows that for g = (1/X)(f — by) we have

1) . ,
g" = (;) ; ( ’;) f1(=bo)™" € A[[X]),

and so, b; = g(0) € A. In this way, we inductively obtain that b; € 4 for all i.
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For the equivalence (2) < (3), we must check just the case that »n has at least two
distinct prime factors:

(2) = (3): Indeed, property #,(4,B) implies property #,(4,B) for all n by
Remark 1.5(iii).

(3) = (2): Property 2,(4,B) is satisfied by Remark 1.5(iv). O

Remark 1.19. Generally, formulas like (3) in the proof of Theorem 1.18 are proved
using an “abstract nonsense” argument as below.

Let n > 2 and let 4 be any ring in which n is invertible. Set
B =Z[1/n][{b;|i > 1}],

where by,b,,..., are independent indeterminates. Set f(X) = Efjo b X! where
b() =1 and

> [1/n

9x) = (Z ( ,- )(f(X) - 1))") :
i=0

Thus f and g are in B[[X]].

For given elements By, by,... of A, there exists a unique ring-homomorphism ¢ :
B — A sending each b; to b;. We extend this homomorphism to a homomorphism
of the power series rings sending 7% bX? to 3.2 b;X". Since this homomorphism
is continuous with respect to the X-adic topologies, we see that it is enough to prove
that g" = f.

Fix an integer m > 1. For given real numbers 7,...,#, in the interval (—1,1),
denote by F and G the real functions obtained from f and g respectively, using the
substitution b; — r; for 1 < i < m and b; — 0 for i > m. Thus F and G are
analytic in the interval (—1,1) and we have G" = F. The coefficient of X™ in g" — f
is a polynomial A, in Z[1/n][by,...,b,]. We have hp(ri,...,rn) = 0 for any real
numbers #,...,7, in (—1,1). Thus A, = 0. It follows that g" = f, so formula (3)
holds.

Remark 1.20. A particular case of Theorem 1.18 is easy to prove directly: if A4 has
prime characteristic p, then A[[X]] is p-root closed in B[[X]] iff 4 is p-root closed
in B.

In Theorem 1.18(3), even if 4 is root closed in B, it is not sufficient to assume just
that property 2,(4, B) is satisfied. Indeed, let k be a field of finite characteristic p, and
set A = k[X,XY], B = k[X,Y]. Since A4 is factorial and B is contained in the quotient
field of A, we see that A is root closed in B. Clearly, p is the only prime g for which
property 2,(4,B) holds. Thus, if 7 is a multiple of p which is not a power of p, then
property 2,(4,B) holds (since n = 0 in A), but for each prime factor ¢ # p of n,
property 2,(4,B) does not hold. See also Example 2.21.

The following remark will be used in the next section.
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Remark 1.21. As a consequence of Theorem 1.18 and its proof, we obtain a further
condition, which is equivalent to each of the three conditions of Theorem 1.18:
(4) A4 is n-root closed in B and for each prime factor p of n and for any nonzero
elements a € A and b € B such that p’afb € A, we have f € A[[X]], where

F(X)= /ar(1 + p?bX) = az (1?’) prb Xt
i=0

We now turn to the consequences of Theorem 1.18.

Corollary 1.22. For any rings A C B the following conditions are equivalent:
(1) (A[[X]], BIX]]) = €(4, B).
(2) e If €(A, B) contains at least two distinct primes, then property 2(A4, B) holds.
o If €(4,B) contains exactly one prime p, then property 2 ,(A,B) holds.
(3) Property P ,(A,B) holds for each prime p in 4(4,B).

Theorem 1.23. Let A C B be rings. Then A[[X]] is root closed in B[[X]] iff A is root
closed in B and property 2(A,B) holds.

Corollary 1.24. Let ACB be rings. Let X and Y be two nonempty sets of indeter-
minates over B. Then €(A[[X]), B[[X]]) = €(4[[Y]), Bl[Y]]).- In particular, A[[X]] is
root closed in B[[X]] if and only A[[Y]] is root closed in B[[Y]].

From the Introduction, we recall that if 4 C B are rings, then %(4, B) generates the
ideal A if and only if either 4 is m-root closed in B for some m > 2 invertible in 4
or A is both p- and g-root closed in B for distinct primes p and gq.

Corollary 1.25. Let ACB be rings. Then the following three conditions are
equivalent:

(1) €(A[[X]],BI[X]]) generates the ideal A[[X]].

(2) ¥(A,B) generates the ideal A and €(A[[X]],B[[X]]) = €(4, B).

(3) ¥(A,B) generates the ideal A and property P(A4,B) is satisfied.

In particular, if A is root closed in B, then A[[X]] is root closed in B[[X]] iff
G (A[[X]1, B[[X]]) generates the ideal A[[X]].

Proof. (1) = (2): Assume (1). By Theorem 1.18 and by Proposition 1.4, property
2,(A4,B) holds for all » > 1. Hence (2) holds by Theorem 1.18.

(2) = (1): Obvious.

The equivalence (1) < (3) follows from Theorem 1.18. [

Remark 1.26. (Cf. Proposition 2.3 and Remark 2.14.) If A CB are rings such that
E(A[[X]), BI[X])) # ¥(4,B), then €(A[[X]], B[[X]]) can contain at most one prime.
All these possibilities (one given prime or no primes) can occur, as shown by Examples
2.22 and 2.23.
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Theorem 1.27. Let A be a p-injective ring. Then
F(A[[X]], BI[X]]) = €(4,B)

for any ring extension B of A.
Proof. The theorem follows from Theorem 1.18 and Proposition 1.14. [

We do not know if the converse of Theorem 1.27 holds.

As a corollary of Theorem 1.27, we obtain Watkins’ theorem that if A4 is
von Neumann regular, then 4[[X]] is n-root closed in B[[X]] for any ring extension B
of A4 such that 4 is n-root closed in B [25, Theorem 1(b) and (c)].

Theorem 1.18 and Proposition 1.10 (with Corollary 1.11) imply

Proposition 1.28. Let A C B be rings such that 4(A[[X]], B[[X]]) generates the ideal
A[[X]). Then U(A) = U(BYNA. In particular, if B is a field, then A is a field

More generally, for any ring 4 and multiplicatively closed subset S of nonzero
divisors, €(A[[X]], 4s[[X]]) generates the ideal A[[X]] iffl 4 = As.

It follows from Proposition 1.28 that if 4 is a domain with quotient field K and 4
is not a field, then A[[X]] can be p-root closed in K[[X]] for at most one prime p
(this holds if p = charK and A4 is p-root closed in K); in contrast, recall that if 4 is
n-root closed for some n > 2, then 4[X] is n-root closed in K[X].

In the next theorem, we recover and extend a result of Angermiiller
[5, Theorem 2(b)]:

Theorem 1.29. Let A C B be rings. Assume that A is a domain and that there exists
a ring containing B and the quotient field K of A. Let n > 2. Then the following two
conditions are equivalent:

(1) A[[X]] is n-root closed in B[[X]].

(2) A is n-root closed in B and A[[X]] is n-root closed in (K N B)[[X]].
In particular, if A = K N B and A is n-root closed in B, then A[[X]] is n-root
closed in B[[X]].

Theorem 1.29 can be reformulated as follows:
E(A[[X]], BI[X]]) = €(4,B) N €(A[[X]], (K N B)[X]]).

Theorem 1.29 can be used to reduce the study of root closure over a pair of domains
A C B to the case that B is an overring of 4.

We end this section with some results on pairs of rings with a common ideal in the
spirit of [4]. In particular, Proposition 1.30 can be applied to D + M constructions.

Proposition 1.30. (1) Let A C B be rings with a common ideal 1. Then
F(A[[X]], BIIXI]) = €(4/11[X]], B/IX]D-
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(2) Let ACB be rings with a common maximal ideal M. Then
€(4/M,B/M) = €(4,B) = €(4[[X]], B{[X]]).

(3) Let ACB be domains with a common nonzero maximal ideal M. Then
F(A[[X]]) N €(BI[X]]) = €(4,B) N C(BIX]D.

Proof. (1) Since the rings 4A[[X]] and B[[X]] have a common ideal /[[X]], the assertion
follows from [4, Theorem 1.7].

(2) By [4, Theorem 1.7, ¥(4/M,B/M) = €¢(A4,B). By Corollary 1.11, property
P1(A/M,B/M) holds. By Proposition 1.13, property 2,(4,B) also holds. Hence
%(4,B) = €(A[[X]], B[[X]]) by Corollary 1.22.

(3) Since M # (0), the domains A[[X]] and B[[X]] have the same quotient field
L. By part (2) we obtain €(A[[X]]) N €(B[[X]]) = €(4[[X]],L) N ¢(B[[X]],L) =
E(A[[X]], BIIXID) N E(BI[X]), L) = €(4,B) N €(B[[X]]). O

2. Root closure in power series domains

Let 4 be a domain and n > 1. We define property (#,(4)) as property 2,(4,4*),
where 4* is the complete integral closure of 4. If no misunderstanding is possible, we
write (#,) instead of (#,(A4)). Property (#,(4)) should not be confused with property
P(Ad) = P,(4,K) (K = the quotient field of 4), which is of no interest:indeed,
property #,(4) = #,(4,K) holds iff 4 =K or n =0 in 4.

Remark 2.1. In contrast with property #,(4,B) for a pair of rings 4 C B, property
(2,) for domains is not a local property (cf. Remark 1.3(3)).

Indeed, let 4 be a completely integrally closed Priifer domain of Krull dimension > 1,
which contains the rationals (for example, let A be the ring of entire functions, which
is an infinite-dimensional completely integrally closed Bézout domain [15, Section 13,
Exercises 16-20]). Then A satisfies property (#;) by Proposition 2.15 below. Let
M be any maximal ideal in 4 of height > 1. Then 4y is a valuation domain of
Krull dimension > 1. By Theorem 2.4 and Corollary 2.17 below, 4, does not satisfy
property (). Since each n > 2 is invertible in 4, we conclude that for all n > 2, 4y,
does not satisfy property (#,), although 4 does.

Note that the domain A4 is completely integrally closed, but A4, is not (see
Corollary 2.17). O

If 4 is a seminormal domain, then property (2,(4)) is equivalent to property (%)
in [22, Section 1] (see Proposition 1.7 and [22, Lemma 1.2]).

If AC B are rings and n > 1, then the n-root closure of A in B is the subring of B
generated by the set {b € B|b" € 4}.
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Remark 2.2, If A CRCB are rings and n > 1 such that R contains the n-root closure
of 4 in B, then A is n-root closed in B iff 4 is n-root closed in R.

The next proposition enables us to treat root closure of power series rings over a
domain as a particular case of root closure for power series over pairs of rings studied
in Section 1.

Proposition 2.3. Let A be a domain and n > 2.
(1) A is n-root closed (in its quotient field) iff A is n-root closed in A*.
(2) A[[X]] is n-root closed iff A[[X]] is n-root closed in A*[[X]].

Proof. Part (1) immediately follows from Remark 2.2.

For part (2), the “if” assertion follows since (A[[X]])* C4*[[X]] [23, Theorem,
p. 170]. To prove the “only if” assertion, note that in the notation of Remark 1.21,
with B = 4%, f belongs to the quotient field of A[[X]] (indeed, if 4 is a nonzero
element of 4 such that db’ € A4 for all i > 1, then df € A[[X]]). Thus f € A[[X]]
and condition (4) of Remark 1.21 is satisfied, which implies that A[[X]] is nr-root
closed in 4*[[X]]. O

As a consequence of Theorem 1.18 and Proposition 2.3, we obtain

Theorem 2.4. Let A be a domain and let n > 2. The following three conditions are
equivalent:
(1) A[[X]] is n-root closed.
(2) A is n-root closed and also:
o If n has at least two distinct prime factors, then A satisfies property (#).
o [f n is a power of a prime p, then A satisfies property ().
(3) A is n-root closed and A satisfies property (#,) for each prime factor p of n.

Now we continue to apply the results of Section 1 to domains. We next reformulate
another central theorem, 1.23 (see also Corollary 1.25). First recall that if D is a
domain, then (D) generates the ideal D if and only if either D is m-root closed for
some m > 2 invertible in D or D is both p- and g-root closed for distinct primes
p and gq.

Theorem 2.5. Let A be any domain. Then A[[X]] is root closed (resp., €(A[[X]])
generates the ideal A[[X]]) iff A is root closed (resp., €(A4) generates the ideal A)
and A satisfies property (21).

Moreover, if A is root closed, then A[[X]] is root closed if and only if €(A[[X]])
generates the ideal A[[X]].

We do not know if the analogue of the previous theorem holds for integral closure;
that is, we ask
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Question 2.6. If 4 is integrally closed and satisfies property (£)), is A[[X]] also in-
tegrally closed? Equivalently, the question is: if A4 is integrally closed and A[[X]] is
root closed, must A[[X]] be integrally closed?

Note that the analogue of Question 2.6 for rings with zero-divisors has a negative
answer: by [25, Example 4] there is a Boolean ring A4 such that A[[X]] is not integrally
closed, although A[{X]] is n-root closed (in its total quotient ring) for all n > 2. Also
note that Proposition 2.3(2) and Theorem 2.4 do not extend to rings with zero-divisors,
by [25, Example 6]. (In this example, B = B* since B is von Neumann regular. For
the definition of B*, see [15, Section 13].)

As a corollary of Theorem 2.4 and Proposition 1.4, we obtain:

Corollary 2.7. Let A be any domain and let X and Y two nonempty sets of inde-
terminates over A. Then B(A[[X]]) = €(A[[YI]). In particular, for any domain A,
A[[X]] is root closed if and only A[[Y]] is root closed.

Corollary 2.8. If D is a power series ring over a domain of the type A = B[[X]],
where B is a domain, then €(D) = €(A). In particular, D is root closed iff A is root
closed.

Thus if 4 is a domain such that A[[X]] is root closed, then A[[X,Y]] is also root
closed. It is not clear if the analogous property holds for integral closure. This problem
is a particular case of Question 2.6.

Proposition 2.9. Le: A be any domain.
(1) If A satisfies property (1), then A is Archimedean.
(2) If A is completely integrally closed, then A satisfies property (2).

Proof. (1) Let a be a nonzero element of 4 such that (2, @'4 #(0). Thus 1/a € 4*
and a(1/a) =1 € A. By property (2,), we have 1/a =a(l/a)* € A. (Cf. Proposition
1.10.)

(2) Obvious. [

Using the proof of Proposition 2.9(1) with a replaced by na, we obtain the following.
Remark 2.10. If a domain A satisfies property (%,), a € 4 and na is not invertible in
A, then 2, n'a'A = (0).

In particular, if 4 satisfies (%,) and n is not invertible in 4, then (5, n'4 = (0).

We are now able to generalize the result of Seidenberg [23, Theorem, p. 171] that
was mentioned in the Introduction.

Proposition 2.11. If 4 is a domain and €(A[[X]]) generates the ideal A[[X]], then A4
is Archimedean.
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Proof. This follows from Theorem 2.4 and Proposition 2.9(1). [

As a consequence of Theorem 2.4, Remark 2.10 and Proposition 1.4, we obtain the
following.

Remark 2.12. If A[[X]] is an n-root closed domain and » is not invertible in A4, then
Nio 7’4 = (0).

Theorem 2.13. Let A be a Mori domain (for example, a Noetherian domain). Then
CA[[X]]) = €(A); that is, for n > 2, A[[X]] is n-root closed iff A is n-root closed.
In particular, A[[X]] is root closed iff A is root closed.

Proof. We may assume that ¥(4)+ (. Thus 4 is seminormal. By [22, Proposition 1.4],
any seminormal Mori domain satisfies (£)), and so A4 satisfies property (#,) for all
n > 1 by Remark 1.5(ii1). Hence the theorem follows from Theorem 2.4. [

We wonder if 4 Mori and integrally closed implies A[[X]] integrally closed (see
Question 2.6); the answer is affirmative if 4 is Noetherian (and integrally closed), for
A[[X]] is then completely integrally closed.

Remark 2.14. If 4 is a domain such that €(4[[X]]) # ¥(4), then F(A4[[X]]) can
contain at most one prime. All these possibilities (one given prime or no primes) can
occur, as shown by Examples 2.22 and 2.23 below.

Proposition 2.15. Let A be a Priifer domain. Then A satisfies property (21) iff A is
completely integrally closed.

Proof. By Proposition 2.9(2), any completely integrally closed domain satisfies prop-
erty (#). Conversely, assume that the Priifer domain A4 satisfies property (£)). Let
0 # t € A* and let g,at € A. By [14, Corollary 1.2], there exists a nonzero element
¢ € 4 such that ct,(1 — ¢)/t € A. Since

1—c¢ (l—c)
N tE€A,
t t

we obtain by property (#,) that
1 —
(1=c)= (_t£> £ EA.

Since also ct € A, we obtain that t € 4. Thus 4 is completely integrally closed. L[]

It is trivial that if 4 is a completely integrally closed domain, then A[[X]] is root
closed. We prove the converse in case 4 is a Priifer domain.

Theorem 2.16. Let A be a Priifer domain. The following conditions are equivalent:
(1) A[[X]] is root closed.
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(2) ¥(A[[X]]) generates the ideal A[[X]].
(3) A is completely integrally closed.

Proof. By Theorem 2.5, €(A[[X]]) generates the ideal A[[X]] iff ¥(4) generates the
ideal 4 and A satisfies property (%, ). By Proposition 2.13, 4 satisfies property (Z;) iff
A is completely integrally closed. Also if 4 is a completely integrally closed domain,
then ¥(A4) generates the ideal A. The theorem follows. O

Note that each of the conditions of Theorem 2.16 implies that 4 is Archimedean.
See Proposition 2.11.

Corollary 2.17. Let A be a valuation domain. The following conditions are equivalent:
(1) A[[X]] is root closed.
(2) 4(A[[X]]) generates the ideal A[[X]].
(3) A4 is completely integrally closed.
(4) A is Archimedean.
(5) dim4 < 1.

Proof. Indeed, a valuation domain A4 is completely integrally closed iff dimA4 < 1
[15, Theorem 17.5(3)]. U

It appears to be an open question whether an Archimedean Priifer domain need be
completely integrally closed. (However, see Corollary 2.17 and Proposition 2.18. Of
course, unlike the valuation domain case, a completely integrally closed Priifer domain
may have dimension >1.)

Recall that a domain 4 is a QR-domain if each overring of 4 is a ring of fractions of
A. A QR-domain is necessarily a Priifer domain, but not conversely. Moreover, Bézout
domains can be characterized as the QR-domains that are also GCD-domains.

Proposition 2.18. Let 4 be a QR- or a GCD-domain. The following conditions are
equivalent:

(1) A[[X]] is root closed.

(2) €(A[[X]]) generates the ideal A[[X]}

(3) A4 is completely integrally closed.

(4) A is Archimedean.

Proof. Indeed, A4 is completely integrally closed iff it is Archimedean: see
[15, Proposition 27.6] for the case that 4 is a QR-domain, and [7, Theorem 3.1]
if 4 is a GCD-domain. [

Remark 2.19. (1) By [8, Chapter 1, Theorem 16], a domain A4 is completely integrally
closed iff 4[[X]] is completely integrally closed. Hence in Theorem 2.16, Corollary 2.17
and Proposition 2.18, we may add any of the properties of A[[X]] intermediate between
complete integral closure and the property “¢(A4[[X]]) generates the ideal A[[X]]”: e.g.,
integral closure.
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(2) It was shown in Theorem 2.16 that if 4 is a Priifer domain, then A[[X]] is root
closed if and only if €(A[[X]]) generates the ideal A[[X]]. However, this equivalence
need not hold for an arbitrary domain 4. Indeed, Proposition 1.30 may be used to
construct a one-dimensional quasilocal domain A such that ¥(4) = 4¥(4[[X]]) = (P)
for any given set P of primes.

We end this section with four examples. The first one is related to Proposition 1.7.

Example 2.20. (For a given positive even integer n, a domain A4 satisfying property
(#,), but not condition (2) of Proposition 1.7). Let T be an indeterminate over Z. Set

A =Z[nT,nT?2nT* {T"|i > 4}].

We have 2nZ[T]C A and 4* = Z[T]. For any polynomial g € Z[T] we have ng* € 4,
since the coefficient of T in g? is even. Hence 4 satisfies property (%, ). However, we
have nT,nT? € A, but nT> ¢ 4 since n is even. Thus condition (2) of Proposition 1.7
fails fora=1,b=T.

Our next example is related to Proposition 1.4. Note that by this proposition, if
A CB are rings then the set

S := {n > 1|property 2,(4,B) is satisfied},

if it is not empty, equals the set of all positive integers which are multiples of the
least positive integer d in S. Moreover, if 4 is seminormal in B and § # §, then by
Remark 1.9, d is squarefree. However, the set S can be empty even if 4 is an integrally
closed domain and B = 4* (Example 2.22).

Example 2.21. (For a given positive integer d, a domain 4 such that the set
S := {n > 1| property (#,(4)) is satisfied}

equals the set of all positive integers which are divisible by d in Z. Moreover, if
d is squarefree, then A4 can be taken to be root closed). Let Y,Z be independent
indeterminates over Z and set

A = Z[Y,YZ] + dZ[Y, Z].

The assertion on the set S is easily proved.

We now assume that d is squarefree. To show that 4 is root closed, we may assume
that d > 1. Let p be a prime factor of d. Let k = Z/Zp. By [4, Theorem 1.7], it is
enough to show that k[Y, YZ] is root closed in k[Y,Z]. This follows from the fact that
klY,Z] is contained in the quotient field of k[Y, YZ] and the ring k[Y, ¥Z] is isomorphic
to k[Y,Z}.

Example 2.21 shows, in particular, that, in contrast to the fact that a ring A is mn-
root closed if 4 is both m- and r-root closed, property (%m») (for a given domain)
does not imply properties (%) and (#,). See also Example 2.23.
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Example 2.22. (An integrally closed domain A such that A[[X]] is not n-root closed
for any n > 2). Indeed, by Corollary 2.17, any valuation domain A with dim4 > 2
and containing Q satisfies our requirements.

For a nonquasilocal example, let k C L be fields of characteristic zero such that k is
algebraically closed in L. Let S and T be two independent indeterminates over L and
consider the ring A = k[S]4+TL(S)[T]. Then 4 is an integrally closed non-Archimedean
domain. On the other hand, A[[X]] is not a-root closed for any n > 2. Indeed, assume
the contrary for some n > 2. Then, by Theorem 2.4 and Remark 1.5(ii), 4 satisfies
property (#,), and so also (%) since n is invertible in A. Thus A must be Archimedean
by Proposition 2.9(1), a contradiction.

Example 2.23. (For a given prime p, a 2-dimensional valuation domain ¥V of zero
characteristic such that V[[X]] is p-root closed.

Note that in such an example, V' is not completely integrally closed, in particular
not Archimedean (cf. Corollary 2.17). Also, by Theorem 2.16, p is the only prime ¢
such that V[[X]] is g-root closed. By Remark 2.12, we also have (2, p'V = (0)).
Let V be a valuation domain over Z[X] in @Q(X) with maximal ideal lying over the
ideal (p,X) of Z[X] and with a prime ideal lying over the ideal pZ[X] of Z[X] (cf.
[15, Corollary 19.7]). The domain V is uniquely determined by these requirements,
namely, V' = Z[X],) + P, where P = pZ{X],z;x). Indeed, we have the following
pullback diagram:

Z[X]()Cp)+P - Z[X](p)
! !
(Z/pD)[X)xy — (Z/pZXX)

By [13, Theorem 2.4(1)], Z[X]x,p) + P is a valuation domain. Since this valuation
domain is dominated by ¥, we obtain that it equals V.

Clearly V' has exactly two nonzero prime ideals: P and XV. Thus ¥ is 2-dimensional.
We have V C Z[X],71x) C V™. Since the domain Z[X] pzx] is a discrete valuation do-
main, it is also completely integrally closed, and so it equals V*. Thus pV*CPCV
and this immediately implies that V' satisfies property (2,).

3. The complete integral closure of A[[X]]

In this section we characterize the complete integral closure of 4[[X]] when 4 is a
seminormal domain (Theorem 3.3 below). We first need two lemmas.

If 4 is a domain and f is a nonzero element of A[[X]], we denote its first nonzero
coefficient by i( f); we define i(0) = 0.

Lemma 3.1. Let D be a domain, and let h € D[[X]]. If (D :i(h)) = D, then (D[[X]] :
h) C D[[X]].
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Proof. By factoring out a power of X, we may assume that £(0) # 0. Let f € (D[[X]):
k). Thus f is a power series over the quotient field of D; write f = .~ bX'. It
follows that & % € D[[X]] for all i. Hence by € (D : h(0)) = D. Let g = f — by. We
have hg' € D[[X]] for all i > 0. Thus g € (D[[X]] : h). In this way we inductively
obtain that b; € D for all i. O

Lemma 3.2. Let A be a seminormal domain with quotient field K. Let 0 # h €
A[[X]]. Set D = (A:i(h)). Then (A[[X]]: k) CD[[X]].

Proof. By Lemma 1.1(iv), (D : i(h)) = D. Thus, (A[[X]] : h) C(D[[X]] : k) CD[[X]]
by Lemma 3.1. [

Theorem 3.3. Let A be a seminormal domain with quotient field K, and let f €
K[[X]]. The following conditions are equivalent:

(1) f € “IXm*. ‘

(2) There exists a nonzero element ¢ € A such that cb' € A for all coefficients b
of [ and for all i > 0.

(3) There exists a nonzero element ¢ € A such that cB C A, where B is the subring
of K generated by A and the coefficients of f.

(4) There exists a nonzero element ¢ € A such that cf* € A[[X]] for all i > 0.
Moreover, if A satisfies property (), then the following condition is also
equivalent to the previous ones:

(5) f € A*[[X]] and there exists a nonzero element ¢ € A such that cf € A[[X]]

Proof. First assume that X contains just one indeterminate.

(1) = (2): This follows from Lemma 3.2.

(2) = (3): This follows from Lemma 1.1(v).

(3) = (4) = (1): Clear.

Clearly, (2) = (5).

Next assume that A satisfies property (#;) and also condition (5). Hence ¢b € 4
for any coefficient b of f, and by Proposition 1.7 we obtain property (2).

By induction on the number of indeterminates, we obtain the theorem for the case
that the set X is finite. The general case easily follows from the finite case. [l

Corollary 3.4. If 4 is a seminormal domain satisfying property (?1), then

(AIXID™ = A™[X1 N AX]]a\ {03

Corollary 3.4 can be applied to a seminormal Mori domain since such a domain
satisfies property (2)).

By Corollary 3.4, if 4 is a seminormal domain satisfying property (#;) and L is
the quotient field of A[[X]], then (A[[X]])* = A*[[X]]N L. It is not clear if we can
replace complete integral closure here by integral closure or by root closure.
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